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University.1. Introduction
The peristaltic ﬂow problems in a tube, annulus, endoscope,
and channels have been discussed by various researchers
[1–14] because of its applications in physiology and industry.
Hakeem et al. [15] have discussed the hydromagnetic ﬂow of
generalized Newtonian ﬂuid through a uniform tube with peri-
stalsis. The peristaltic ﬂow of MHD Newtonian ﬂuid in an
endoscope was studied by Mekheimer and Elmaboud [16].
Hariharan et al. [17] have investigated the peristaltic transport
of non-Newtonian ﬂuid in a diverging tube with different wave
forms. The peristaltic ﬂow of a third order ﬂuid in an endo-
scope has been analyzed by Nadeem et al. [18]. Mekheimerand elmaboud discussed the peristaltic ﬂow of a couple stress
ﬂuid in an annulus: Application of an endoscope [19] has dis-
cussed the peristaltic transport of a third order ﬂuid in a cylin-
drical tube. The peristaltic ﬂow and heat transfer in a vertical
annulus with long wave approximation have been studied by
Vajravelu et al. [20]. Some more recent article related to the to-
pic is Refs. [21–24].
In view of the above analysis the purpose of present inves-
tigation is to discuss the peristaltic ﬂow of a biviscosity ﬂuid
model in an endoscope under the assumptions of long wave
length and low Reynolds number. Exact solutions are com-
puted. The importance of pertinent ﬂow parameters entering
into the ﬂow modeling is discussed.
2. Formulation of the problem
Consider the MHD ﬂow of an incompressible electrically con-
ducting biviscosity ﬂuid in a uniform endoscope of varying
cross-section with a sinusoidal wave of small amplitude
travelling down its wall. The geometry of the wall surface is
deﬁned as
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R2 ¼ a2 þ b sin 2pk ðZ ctÞ: ð2Þ
where a1 is the radius of the inner tube, a2 is the radius of the
outer tube at inlet, b is the wave amplitude, k is the wavelength,
c the wave speed, t the time and b is the wave amplitude.
In the ﬁxed frame ðR;ZÞ the continuity, momentum and en-
ergy equations give
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where p is the pressure and Vr, Vz are the respective velocity
components in the radial and axial directions respectively
and q is the density.
The coordinates in the ﬁxed ðR;ZÞ and wave ðr; zÞ frames
are related through the following transformations
r ¼ R; z ¼ Z ct;
vr ¼ Vr; vz ¼ Vz  c:
ð6Þ
The constitutive equation for incompressible biviscosity ﬂu-
ids [4] is deﬁned as follow
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We introduce the following non-dimensional parameter
b ¼ lb
ﬃﬃﬃﬃﬃﬃﬃ
2pc
p
=py; where py is yield stress and p= eij, eij is the
ði; jÞ component of deformation rate, b denotes the upper limit
apparent viscosity coefﬁcient, and lb is the plastic viscosity of
the ﬂuid. For ordinary ﬂuid (py = 0), we have
eij ¼ 1
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Here we use the following dimensionless quantities
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Using Eqs. (6)–(9) in Eqs. (3)–(5) we have the following gov-
erning equations in dimensionless can be written as [4]
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After applying the long wavelength approximation (d= 0)
and neglecting the wave number along with low Reynolds
number we get r, z component of the momentum of the form
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The appropriate boundary condition
vz ¼ 1 at r ¼ r1; ð14aÞ
vz ¼ 1 at r ¼ r2 ¼ 1þ / sinð2pzÞ: ð14bÞ3. Solution of the problem
3.1. Exact solution
The governing Eqs. (13) and (14) with the help of Eqs. (14a)
and (14b) give
vz ¼ 1þ a dp
dz
1
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The instantaneous volume ﬂow rate in the ﬁxed coordinate
system is given by [19]
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The volume ﬂow rate F in the moving frame is given by,
F ¼
Z r2
r1
rvzdr: ð17Þ
Substitution of Eq. (15) in Eq. (17) and then solve the result
for dp/dz we have
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:4. Graphical results and discussion
In this section the pressure rise, frictional forces, are analyzed
carefully. For this purpose, Figs. 1–10 are displayed. Fig. 1
gives the geometry of the problem. The pressure rise is calcu-
lated numerically by using Mathematica. Figs. 2–4 shows the
pressure rise DP against volume ﬂow rate Q for different values
of viscosity coefﬁcient b, Hartmann number M and value of
radius ratio e. These ﬁgures indicate that the relation between
pressure rise and volume ﬂow rate is inversely proportional to
each other. As expected that pressure rise gives larger values
for small volume ﬂow rate and it gives smaller values for large
Q. Here Figs. 2–4 shows that the upper right-hand quadrant I
denotes the region of peristalsis pumping, where Q> 0 (posi-
tive pumping) and DP> 0 (adverse pressure gradient). Quad-
rant II, where DP< 0 (favorable pressure gradient) andQ> 0
(positive pumping), is designated as augmented ﬂow (copum-
ping region). Quadrant IV, such that DP> 0 (adverse pressure
gradient) and h< 0 is called retrograde or backward pumping.Figure 1 Geometry of the problem.
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Figure 2 Pressure rise versus ﬂow rate for M= 2, e= 0.2,
/= 0.2.The ﬂow is opposite to the direction of the peristaltic motion
and there is no ﬂow in the last (Quadrant III). It is noticed
from Figs. 2–4 that increases in viscosity coefﬁcient b, Hart-
mann number M and value of radius ratio e, cause increase
in all the pumping regions. On the other hand, in the copum-
ping region the pumping rate decreases with the increase in vis-
cosity coefﬁcient b, Hartmann number M and value of radius
ratio e. Fig. 6 shows that decreases with in copumping region.
Figs. 5–10 describe the variation of frictional forces. These ﬁg-
ures show that the frictional forces have quite opposite fea-
tures when compared with the pressure rise for all the ﬂow
parameters.
The trapping phenomenon is an interesting phenomenon in
peristaltic motion which is basically due to the circulation of
the stream lines. We have discussed this phenomenon in
Fig. 11a–e. These ﬁgures shows that with the increase in b,
M and e the size of trapped bolus decreases also number of
trapping bolus decreases.-1 -0.5 0 0.5 1
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Figure 3 Pressure rise versus ﬂow rate for b= 2, e= 0.2,
/= 0.2.
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Figure 4 Pressure rise versus ﬂow rate for M= 2, b= 0.2,
/= 0.2.
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Figure 5 Frictional force on inner tube versus ﬂow rate for
M= 2, e= 0.2, /= 0.2.
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Figure 6 Frictional force on inner tube versus ﬂow rate for
b= 2, e= 0.2, /= 0.2.
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Figure 7 Frictional force on inner tube versus ﬂow rate for
M= 2, b= 0.2, /= 0.2.
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Figure 8 Frictional force on outer tube versus ﬂow rate for
M= 2, e= 0.2, /= 0.2.
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Figure 9 Frictional force on outer tube versus ﬂow rate for
b= 2, e= 0.2, /= 0.2.
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Figure 10 Frictional force on outer tube versus ﬂow rate for
M= 2, b= 0.2, /= 0.2.
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Figure 11 Streamlines for different values of b= 0.2, 0.4, (panels (a) to (b)), M= 0.2,0.4, (panels (c) to (d)), e= 0.3,0.6, (panels (e) to
(f)), The other parameters are M= 2, e= 0.2, /= 0.2.
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